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Abstract 


In this paper, we discuss the properties of the spaces of fuzzy sets in a metric 
space with Lp-type dp metrics, p > 1. Firstly, we give the characterizations 
of compactness in fuzzy set space with d, metrics. Then we present the com- 
pletions of fuzzy set spaces with d, metrics. The d, metrics are well-defined 
if and only if a function induced by the Hausdorff metric is measurable. In 
this paper, we give some fundamental conclusions on the measurability of 
this function. 
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1. Introduction 


The L,-type metrics are widely used in theoretical research and practical 
applications. The class of d, metrics are a kind of L,-type metrics. The d, 
metrics are commonly used metrics on fuzzy sets [1, 2, 18, 21]. 

Compactness is a fundamental property in both theory and applications 
(6, 14, 17]. The characterizations of compactness for fuzzy set space with dp 
metrics have attracted attentions of scholars [15, 22, 23]. The completion of 
a given metric space is an important topic in analysis. 

In [7], we give the characterizations of total boundedness, relative com- 
pactness and compactness for fuzzy set space with d, metrics. We also give 
the completions of various fuzzy set spaces with d, metrics. All the fuzzy 
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sets involved in the conclusions in [7] are fuzzy sets in the m-dimensional 
Euclidean space R”. 

It is natural to consider spaces of fuzzy sets in a metric space [4, 5, 13]. In 
this paper, we discuss the properties spaces of fuzzy sets in a general metric 
space with d, metrics. 

We discuss the properties of the dý metric (dp metrics) and the Hena met- 
ric including the relationship between them. Based on these results and the 
characterizations of total boundedness, relative compactness and compact- 
ness in fuzzy set space with dp metrics given in [9], We present the charac- 
terizations of total boundedness, relative compactness and compactness for 
space of fuzzy sets in a metric space with d, metrics. These results reveal a 
connection between a set being compact in the sense of the d, metrics and 
compact in the sense of the endograph metrics. The results on the charac- 
terizations of total boundedness, relative compactness and compactness in 
this paper generalize the corresponding results in [7]. Furthermore, using 
the results in this paper, we give new characterizations of total boundedness, 
relative compactness and compactness for space of fuzzy sets in R”. 

We construct completions of fuzzy set spaces in a metric space with d, 
metrics. These conclusions on the completions of the spaces of fuzzy set in a 
metric space (X,d) apply to not only the cases that X is a complete metric 
space but also the cases that X is an incomplete metric space. The fuzzy 
sets involved in the corresponding results in [7] is fuzzy sets in R™, which 
is a complete space. The results on completions of fuzzy set spaces in this 
paper improve the corresponding results in [7]. 

The d, metrics are well-defined if and only if a function induced by the 
Hausdorff metric is measurable. So it is important to discuss the measur- 
ability of this function. In [8], we give some conclusions on this topic. In 
this paper, we give proofs to the positive conclusions and counterexamples 
to the negative conclusion. Further, we make great improvements to these 
conclusions. The conclusions on measurability of the function in this paper 
pointed out the cases in which the d, metrics are well-defined, and, therefore, 
indicate the properties of the L,-type metrics can be used in these cases. So 
these conclusions are fundamental for relevant studies of the d, metrics. 

The remainder of this paper is organized as follows. In Section 2, we re- 
call and give some basic notions and results related to fuzzy sets and metrics 
on them. In Section 3, we discuss the properties and relation of the dý met- 
ric and the Hena metric. In Section 4, we give the characterizations of total 
boundedness, relative compactness and compactness in (Fiscal X)”, dp). In 
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Section 5, we pointed out that the results in Section 4 generalize the corre- 
sponding results in [7] for (Fiiscg(R™”)?, dp). Furthermore, by using results 
in Sections 3 and 4, we give new characterizations of total boundedness, rel- 
ative compactness and compactness in (Fiigcg(R™)?, dp). In Section 6, we 
construct completions of spaces of fuzzy sets in a metric space. In Section 7, 
we give fundamental conclusions on the measurability of the function induced 
by the Hausdorff metric. In Section 8, we draw our conclusions. 


2. Fuzzy sets and metrics on them 


In this section, we recall and give some notions and results related to 
fuzzy sets and metrics on them. Readers can refer to [1, 2, 16, 19-21] for 
studies and applications of fuzzy sets. 

Let N be the set of all natural numbers, and let R™ be the m-dimensional 
Euclidean space. 

In this paper, if not specifically mentioned, we suppose that X is a metric 
space endowed with a metric d. 

Let K(X) and C(X) denote the set of all non-empty compact subsets of 
X and the set of all non-empty closed subsets of X, respectively. 

Let F(X) denote the set of all fuzzy sets in X. A fuzzy set u € F(X) 
can be seen as a function u : X — [0,1]. A subset S of X can be seen as a 
fuzzy set in X. If there is no confusion, the fuzzy set in X corresponding to 
S is often denoted by yg; that is, 


G= 1, €S, 
= VO. eNA 


For simplicity, for x € X, we will use Z to denote the fuzzy set x42} in X. 
In this paper, if we want to emphasize a specific metric space X, we will 
write the fuzzy set in X corresponding to S as Spx), and the fuzzy set in X 
corresponding to {x} as r(x). 

For u € F(X), let [uJ], denote the a-cut of u, i.e. 


_ Lae :u(z) > at, ae (0,1), 
supp u = {u > 0}, a= 0, 


where S$ denotes the topological closure of S in (X, d). 
For u € F(X), define 


endu := {(x,t) € X x [0,1] : u(x) > t}, 
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sendu := {(z,t) € X x [0,1] : u(x) > t} A (fulo x [0, 1)). 


endu and sendu are called the endograph of u and the sendograph of u, 
respectively. 

Let Fiisc(X) denote the set of all normal and upper semi-continuous 
fuzzy sets u : X — [0,1], i.e., 


Figo(X) := {u € F(X) : [ula € C(X) for all a € [0, IJ}. 


We introduce some subclasses of Ff go(X), which will be discussed in this 
paper. Define 


Foson(X) := {u € Fosc(X) : [ul € K(X)}, 
Fosco(X) := {u € Fisc(X) : [ula € K(X) for all a € (0, 1]}. 


Let (X,d) be a metric space. We use H to denote the Hausdorff dis- 
tance on C(X) induced by d, i.e., 


H(U,V) = max{H*(U, V), H*(V,U)} (1) 
for arbitrary U,V € C(X), where 


H*(U, V) = sup d (u, V) = sup inf d (u, v). 
ucU ucU VEV 
We call H* the Hausdorff pre-distance related to H. 
The metric d on X x [0,1] is defined as 


d((z, a), (y, 8)) = d(x, y) + la — £l. 


If there is no confusion, we also use H to denote the Hausdorff distance on 
C(X x [0,1]) induced by d. 


Remark 2.1. p is said to be a metric on Y if p is a function from Y x Y 
into R satisfying positivity, symmetry and triangle inequality. At this time, 
(Y, p) is said to be a metric space. 

p is said to be an extended metric on Y if p is a function from Y x Y into 
R U {+00} satisfying positivity, symmetry and triangle inequality. At this 
time, (Y, p) is said to be an extended metric space. 

We can see that for arbitrary metric space (X,d), the Hausdorff distance 
H on K(X) induced by d is a metric. So the Hausdorff distance H on 
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K(X x [0,1]) induced by d on X x [0,1] is a metric. In these cases, we call 
the Hausdorff distance the Hausdorff metric. 

The Hausdorff distance H on C(X) induced by d on X is an extended 
metric, but probably not a metric, because H(A, B) could be equal to +00 
for certain metric space X and A, B € C(X). Clearly, if H on C(X) induced 
by d is not a metric, then H on C(X x [0,1]) induced by d is also not 
a metric. So the Hausdorff distance H on C(X x [0,1]) induced by d on 
X x [0,1] is an extended metric but probably not a metric. In the cases 
that the Hausdorff distance H is an extended metric, we call the Hausdorff 
distance the Hausdorff extended metric. 

We can see that H on C(IR™) is an extended metric but not a metric, and 
then the same is H on C(R™ x [0, 1]). 

In this paper, for simplicity, we refer to both the Hausdorff extended 
metric and the Hausdorff metric as the Hausdorff metric. 


The dx. metric on Fiigc(X) is defined as 
de (04,0) == sup{H (ule, le) : 2 € (0, 1]}. 


The endograph metric Heng and the sendograph metric Hsena can be de- 
fined on Ffsc(X) as usual. For u,v € Fiisc(X), 


Hena(u,v) := H (end u, end v), 
Hena (u, v) := H (send u, send v). 


The endograph metric Hena and the sendograph metric Hrena are defined 
by using the Hausdorff metric on C(X x [0, 1]) induced by d on X x [0, 1]. 
Clearly for u,v € Figc(X), 


dælu, v) Žž Hsenalu, v) = Henalu, v). 


Remark 2.2. We can see that Heng is a metric on Fgo(X) with Hena(u,v) < 
1 for all u,v € Fioo(X). Both dœ and Heena are metrics on Figop(X). 
However, each one of dœ and Heng on FẸscl(X) is an extended metric but 
probably not a metric. See also Remark 3.3 in [8] (We made a misprint in 
the last sentence of Remark 3.3 in [8]. The “Hena” must be deleted from this 
sentence). 

We can see that both dæ and Hsena on Fg scl 
are extended metrics. 


R™) are not metrics, they 


For simplicity, in this paper, we call Hsena on Figo (X) the Hseng metric 
or the sendograph metric Hygena. We call dœ on Fijgc(X) the dx metric or 
the supremum metric də. 


For u,v € Fiigc(X), the dp distance given by 


dylu o) = ( f Hle lela)” do) i 


is well-defined if and only if H([u]a, [v]a) is a measurable function of a on 
[0,1]. In the sequel, we suppose that the d, distance is with p > 1. 

In Section 7, we give some fundamental conclusions for the measurability 
of the function H ([u]a, [vja) of a on [0,1]. We list some of these conclusions 
in the following. 


(i) The function H ([u]a, [v]a) of a on [0, 1] is measurable when u, v € Fiigo(R™) 


(Proposition 7.5). So the d, distance is well-defined on Figo (R™). 


(ii) The function H ([u]a, [v]a) of a on [0, 1] is measurable when u € Fiiso(X) 
and v € Fitgqg(X) (Theorem 7.15). 


As a corollary, d, distance is well-defined on Figcag(X) (Proposition 
7.8) 


As a corollary, dp(u, £o) is well-defined when u € Figc(X) and zo is a 
point in X (Proposition 7.1). 


(iii) In Section 7, we improve conclusions in the above clauses (i) and (ii). 
Corollary 7.19 is an improvement of Proposition 7.5. Corollary 7.20 is 
an improvement of Theorem 7.15. 


Since H([ulq, [v]a) could be a non-measurable function of a on [0,1] (see 
Example 7.14), we introduce the df distance on Fġsc(X), p > 1, in [8], which 
is defined by 


1 1/p 
d3(u,v) := inf{ (| f(a)? da) : f is a measurable function from [0, 1] to 


f(a) > H (lula, [v]a) for a € [0,1] } 


for u,v € Figo(X). 

We can see that if d,(u,v) is well-defined for u,v € Fġsc(X), then 
dž(u,v) = dp(u,v). The dý distance is an expansion of the d, distance on 
Fuso(X). 


RU {+00}; 


Remark 2.3. In the sequel, we write d,(u,v) rather than d¥(u,v) when 
d,(u, v) is well-defined. 


In [8], we point out that dy on Fig¢(X) is an extended metric but prob- 
ably not a metric (See Theorem 3.1 and Remark 3.3 in [8}). 

The d, distance on Fiigcg(X) is an extended metric but probably not 
a metric because d,(u,v) = +00 could happen for u,v € Fisgcog(X). For 
example, define u € F(R) by 


0, x< l, 
u(z)=< 1, w=, 
1/n, x€ (n?,(n+1)*], n=1,2,.... 


Then u € Fisce(R), Tre) € Fosca(R) C Fisce(R), and dp(u, TPR) = 
+00. 

We can see that the d, distance on Ff scog(X) is a metric; the d, distance 
on Fiigcg(R™) is an extended metric but not a metric; the d, distance on 


Fisc(R™) is an extended metric but not a metric. 


Remark 2.4. In this paper, for simplicity, we refer to both the dý extended 


metric and the d metric as the dy metric, and both the dp extended metric 


and the d, metric as the d, metric. 
We introduce the following subset of Fiigc(X) 
= 1 
© Fusca(X)? := {u € Fosco(X) : dp(u, £0) = (Jo H ([ula, {to})? da)? < 
+oo}, where zo is a point in X. 


The definition of Fiiscg(X)? does not depend on the choice of xo. We can 
see that the d, distance is a metric on Ffsca( XY. 
Clearly, 


Foscp(X) C Fõscal( X)” C Fõsce(X) C Fõso(X). 


We use (X,d) to denote the completion of (X,d). We see (X,d) as a 
subspace of (X ; d). Let S C X. The symbol S is used to denote the closure 
of S in (X,d). 

As defined previously, we have K(X), C(X), Fhgo(X), Fiscal X), ete. 
according to (X : d). For example, 


Fhoo(X) := {u € F(X) : [ula € C(X) for all a € JO, 1]}, 
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Fh scel X) := {u € F(X) : [ula € K(X) for all a € (0, 1]}. 


If there is no confusion, we also use H to denote the Hausdorff metric 
on C(X) induced by d. We also use H to denote the Hausdorff metric on 


C (X x [0, 1]) induced by d. We also use Heng to denote the endograph metric 


on Figc(X) given by using H on C(X x (0, 1]). We also use d, to denote 
the d, metric on Fiscq(X). 
Define f : Fiscal X) > Fésca(X) as follows: for u € Figog(X), 


u(t), te x, 
rovi rex 


Then [f(u)]a = [ula for all a € (0,1], and so f(u) € Fłsca(X). We 
can see that for p = dæ, dp, Hena, Hsena, plu, v) = plf (u), f(v)). So for 
p = dæ, dp, Hsena, (FGsce(X); p) can be embedded as an extended metric 


subspace of (FfscelX), p). (Ftscoe(X), Hena) can be embedded as a metric 


subspace of (Ft gogl X), Hena). 
™ In this paper, we see (Ff gcal X), Hena) as a metric subspace of ea): Hena). 
N We see (Fłlscal X)”, dp) as a metric subspace of (Figoqg(X), dp). We see 

(Fasco(X), dp) as an extended metric subspace of oaoot al): 


3. Properties of di metric and Hena metric 


In this section, we give the relationship between the dj metric and the 
Hena metric. We illustrate the relations between the property that U is 
uniformly p-mean bounded and other properties of U. We list the properties 
of (Fisco(X), Hena) obtained in [12] which is useful in this paper. 


Theorem 3.1. Let (X,d) be a metric space. 
(i) For u,v € Figo (X), 
Hena(u, v)?*" ue 
d* > | ——_ 2 
peo) > (Fa 2) 
(ii) Foru € Fiso(X) and a sequence {un} in Fogc(X), if dilun, u) > 0, 
then Hena(Un, u) > 0. 


Proof. To show (i), we only need to show that for each r > 0, if Hena(u, v) > 


r then di(u,v) > 
Let r > 0. Assume that Hena(u,v) > r. Then without loss of generality 
we suppose that H*(endu,endv) > r, then there is an (x, 3) € endu, such 
that d((x,@),endv) >r. This implies that 6 > r and d(x, [v]a) > r—(8—a) 
when a € [8 — r, 6]. Hence A* (lula, |vla) > r — (8 — a) when a € [6 — r, 6]. 
Let f be a measurable function on [0,1] with f(a) > A([ula, lvl.) for 


a € [0,1]. Then 
(/ Hoda) vy ( 7 F(a)" da) i 
B 


> (fe - (8 — a))? da) k 


ppt 1/p 
7 C + i) l 
ppt ) 1/p 


So from the definition of dž (u,v), we have dï (u, v) > (= 


(ii) follows immediately from (i). 


Remark 3.2. Clearly, if d,(u,v) is well-defined (at this time dš(u,v) = 
d,(u,v)), then d5(u,v) can be replaced by dp(u, v) in Theorem 3.1. 


The “=” can be obtained in (2). 


Example 3.3. Define u and v in Fiigcp(R) as 


1, x =0, l, «=20, 
ua)=< 0.5— zx, 2 € (0,05), v(x)=<4 0.5, x € (0,0.5], 
0, otherwise, 0, otherwise. 


Then Hena(u, v) = 0.5 and 


TOE 


0.5 +1 1/p Honalu,v)P t! 1/p 
Thus d,(u,v) = (J a? da)'/P = (e7) = ( eae +) : 


The metric d on X x [0, 1] is defined as 
d(x, a), (v, 8)) = max{d(x, y), |a — Bl}. 
We can see that for (x,a), (y, 8) in X x [0,1], 


d(x, a), (y,8)) < a((a, a), (y, B) 


SS 


A” 


< min{2d((x, a), (y, 8)), d(x,y) + 1} 
< min{2d((x, a), (y, 8)), d((x,a), (y, 2)) + 1. (3) 
By (3), d induce the same topology on X x [0,1] as d. In this paper, C(X x 
[0, 1]) is used to denote the set of all non-empty closed subsets of (X x [0, 1], d). 
C(X x [0,1]) is also the set of all non-empty closed subsets of (X x [0, 1], d). 
We use H’ to denote the Hausdorff extended metric on C(X x [0,1]) 


induced by d on X x [0, 1]. 
The endograph metric H/ q and the sendograph extended metric Hlond 


can be defined on F$sc(X) by using the Hausdorff extended metric H’ on 
C(X x [0,1]) as follows. For u,v € Fłsce(X), 


H} alu, v) := H' (endu, end v), 
H! „alu, v) := H' (send u, send v). 


Remark 3.4. We can see that each one of H’ on C(X x [0,1]) and Hiong on 
Fbsc(X) is an extended metric but probably not a metric. 

We can see that both H’ on C(R™ x [0,1]) and Hfna on Fiscc(R™) are 
not metrics, they are extended metrics. 

For simplicity, in this paper, we call the Hausdorff extended metric H’ on 
C(X x [0,1]) the Hausdorff metric H’, and call H! na on Fiso(X) the H! 


send 
: : / 
metric or the sendograph metric Hona: 


In some references, the sendograph metric and the endograph metric refer 
to Hi. and Hl a; respectively. In the following, we give some conclusions 
on Hona and A, 4 

By Proposition 3.6 below, we can see that for u and un, n = 1,2,..., 
in FfsolX), (i) HinalUn u) > 0 if and only if Hyena(un,u) —> 0, (ii) 


H! alun u) > 0 if and only if Henalun, u) —> 0. Our purpose of giving 


Proposition 3.6 is to give the above conclusion. 
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Clearly for u,v € Fiso(X), 
dælu, v) > Hiona lu, v) 2 A 


S ena (u, V). 


Proposition 3.7 and Example 3.9 below illustrate the relationship between 
d and Hla on Fis¢(X). Proposition 3.7 and Example 3.9 are parallel 
conclusions of Theorem 3.1 and Example 3.3, respectively. 

We use Rt to denote the set {a € R: x > 0}. We say a function 
f : R* > R* is increasing if f(x) < f(y) when x < y. 


Proposition 3.5. Let f be an increasing and continuous function from R+ 
to R*. Let Z be a set and let dı and dg be two metrics on Z. If di(€,n) < 
f (do(€,)) for all £n € Z, then for each S C Z and each W C Z, 

(ii) Ht(W,S) < f(H3(W,S)), and 

(iii) Hı (W, S) < f(Ha(W, S)), 

where Hı and Hə are the Hausdorff extended metrics induced by dı and də, 
respectively, Hf and H3 are the Hausdorff pre-distance related to Hı and Ho, 
respectively. 


Proof. (i) is true because 
ah (E, 8) = inf di (€, n) < inf f(da(E,n)) = f (ink dalE,n)) = F(E, 3)). 
nE nE nE 


From (i), we can obtain (ii) is true since 


H{(W, S) = cup ail) S) < a f(da(£, S)) = F (sup de(E, S)) = f(H3(W, S)). 


By (ii), 
Hı (W, S) = Hi (W, S) V HI(S,W) 
< f(H3(W, S)) V f(H3(S,W)) 
= f (H3 (W,5) V H3(8,W)) = f (Ha(W; 8)). 


So (iii) is true. 


Proposition 3.6. Let (X,d) be a metric space and u,v € Ffsol(X). Then 


Hona lt, v) < Hsena (u, v) < min{2H enal, v), Honalt, v) + 1}, 
H! alu, v) < Honalu, v) < min{2Hl alu, v), 1}. 
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Proof. Define functions fı and fọ from R* to R* given by f(x) = x and 
falx) = min{2z,2 +1}. Then fı and fz are increasing and continuous 
functions. a 

By (3), for all (x,a), (y, 8) in X x[0, 1], d(x, a), (y, B)) < fild((2, a), (ys 8))) 
and d((x, a), (y, 8)) < fold d((x, a), (y,@))). Then from (iii) of Proposition 3.5 
and the fact that Hena(u,v) < 1 for u,v € Fiso(X), we can obtain that for 
u,v € Fysc(X), 


1 
H, send 


(u, v) < Hsenalu, v) < min{2 Hona lu, v), Hiona lU, V) a9 1}, 
and 
a H! 


end 


(u, v) < Hena(u, v) < min{2 Aa; v), Hipa(t, v) + 1, 1} = min{2 Hena lu, v), 1}. 


The following Proposition 3.7 is proved in a similar fashion to Theorem 
<», 3.1, Example 3.9 is constructed in a similar fashion to Example 3.3. 


pap Proposition 3.7. Let (X,d) be a metric space. 
A (i) For u,v € Fłsc(X), 


d3(u,v) > Hagl) e, (4) 


(ii) Foru € Figc(X) and a sequence {un} in Fisc(X), if ds(un, u) > 0, 
then H! alun, u) > 0. 


end 


Proof. To show (i), we only need to show that for each r > 0, if H} palu, v) > 
r then dt (u,v) > r+, 

Let r > 0. Assume H! alu, v) > r. Then without loss of generality we 
can suppose that H™*(endu,endv) > r, where H’* denotes the Hausdorf- 
f pre-distance related to H’. Thus there is an (xz, 8) € endu, such that 
d((x, 8), end v) > r. This implies that 6 > r and d(x, |v]a) > r when 
a € [6 — r, 8]. Hence H*(lu]a, [vla) > r when a € [8 — r, 8]. 

Let f be a measurable function on [0,1] with f(a) > A([ula, vj.) for 


a € [0,1]. Then 
(/ Hoda) “3 ( 7 F(a)" da) 7 
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So from the definition of dž(u, v), we have d*(u,v) > rtt!/P. 
(ii) follows immediately from (i). 


Remark 3.8. Clearly, if d,(u,v) is well-defined (at this time d¥(u,v) = 
dp(u, v)), then di (u,v) can be replaced by d,(u,v) in Proposition 3.7. 


The “=” can be obtained in (4). 


Example 3.9. Define u and v in Fġscp(R) as 


1, «=0, 1 «=0.5, 
u(x) = $ 0.5, x E€ (0,05), v(x)=< 0.5, xe (0,05), 
0, otherwise, 0, otherwise. 
Then H/ alu, v) = 0.5 and 


0.5, aœ € (0.5,1], 
H (tla, (ula) = l ~ O54 
Thus dp(u, v) = die 0.5? dox)'/? aU = Huey, 


The following two concepts are essentially proposed by Diamond and 
Kloeden [1] and Ma [15], respectively. 

For u € Figog(X) and h € [0,1), the function A([ula, [ula—n) of a is 
left-continuous on (h, 1], and thus is measurable on [h, 1] (see Proposition 


1/ 
7.9). So (I H ([u]a, [ula—n)? da) ” ig well-defined. 


Definition 3.10. /1] Letu € Fiiscg(X)?. If for given e > 0, there is a 
d(u,e) € (0, 1] such that for all O < h < ô 


(fH (tos lilen da) — 


where 1 < p < +œ, then we say u is p-mean left-continuous. 
Suppose that U is a nonempty set in Fitgsag(X)?. If the above inequality 
holds uniformly for allu E€ U, then we say U is p-mean equi-left-continuous. 
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Definition 3.11. /15] A set U in Figcq(X)? is said to be uniformly p- 
mean bounded if there exist a constant M > 0 and an xo E X such that 
d,(u, zo) < M for allu E€ U. 


We say that a set U is bounded in a metric space (Y, p) if and only if 
there is an M > 0 such that sup{ p(z, y): x,y EU} < M. 

Clearly, U in F$sca( X} is uniformly p-mean bounded is equivalent to U 
is bounded in (Fiscal XY, dp). 


Remark 3.12. Corollary 7.4 states the following conclusion: 7 

Let [u,v] be an interval in R and let f be a function from [u,v] to R, where 
its R=RU {—oo} U {+00}. If f is left-continuous at a € (u, v], i.e., f(a) = 
AA lima- f(y), then f is a measurable function on [p, v]. 

In [8], we give Proposition 7.6. Using Proposition 7.6 (i) and the triangle 
inequality of the Hausdorff metric, we can show that many of the Hausdorff 
distance functions appearing in this paper are left-continuous on an interval 
(u, v| and therefore measurable on [u, v] by Corollary 7.4. The proofs of these 
conclusions are similar to that of Proposition 7.7 (i) and Proposition 7.8. In 
= the following, we list some of such Hausdorff distance functions. 


(i) For u,v € Fiscg(X), the function H([uJa,[v]a) of a is left-continuous 
on (0,1] and thus measurable on [0,1] (see Proposition 7.7 (i) and 
Proposition 7.8). 


(ii) For u € Fiisog(X), h € (0,1), A (ula; ula—n) is left-continuous at a € 
(h,1] and thus measurable on [h, 1]; H([u]a, [Ula+n) is left-continuous 
at a € (0,1 — h] and thus measurable on [0,1 — h]. (see Proposition 
7.9). 


(iii) H([u]a, ulasan appearing in the proof of Proposition 3.16 is left- 


continuous on (h — £h, 1 — £h], and thus measurable on [h — h, 1 — #h] 
j= 


for k = 0,..., N—1. So the formula }°;—) G ap H (Culo loan)” da) 
appearing in the proof of Proposition 3.16 is well-defined. 


_k a- 
wh 


Let f be a function from [u,v] to R and [€,7] a subinterval of [u,v]. If f 
is left-continuous on (y,v], then clearly the restriction of f to |£, n], denoted 
by f jen), is left-continuous on (€,7], and thus measurable on [€, n]. 
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We can also show the measurability of f|j¢,; as follows. Since f is measur- 
able on [u,v], then for each measurable subset S of [u,v], f|s is measurable 
on S, and so f|j¢, is measurable on [€,7] because [€,7] is measurable. 

By using the above conclusion, we can obtain the left-continuity of a 
Hausdorff distance function. For instance, from the above clause (ii) or 
Proposition 7.9, we have that H([u]a, luja-4n) is left-continuous on (h/N,1] 
and thus measurable on [h/N,1]. Since [h — =h,1— h] C [h/N,1] for 
k = 0,...,N — 1, thus we obtain the conclusion of the above clause (iii). 
In our opinion, this way to prove clause (iii) is essentially the same as the 
original way, which using Proposition 7.6 (i) and Corollary 7.4 directly. 

We think Corollary 7.4 is an already known conclusion, although we can’t 
find this conclusion in the references that we can obtain. In this sense, con- 
clusions of the above clauses (i)-(iii) can be seen as corollaries of Proposition 
7.6. 

The discussions of this paper involve a kind of Hausdorff distance func- 
tions f : [u,v] + R with the property that f is left-continuous on (p, v]. Thus 
f is measurable on |u, v], and so (a f(a)? da)'/” is well-defined. Some of 
these Hausdorff distance functions f are listed in the above clauses (i)-(iii). In 
the sequel, we will not explain the well-definedness of these ( Le f(a)? da)!” 
one by one. 


Let U be a set in Ffsca(X Y. The following Lemma 3.13 and Theorem 
3.14 illustrate the relations between the property that U is uniformly p-mean 
bounded and other properties of U. 


Lemma 3.13. Let U be a subset of Fiscal X). If U is uniformly p-mean 
bounded, then for each h € (0, 1], U(h) is bounded in (X,d). 


Proof. We proceed by contradiction. Assume that there is an ho € (0, 1] 
such that U (ho) is not bounded in (X, d). This means that sup{ H([u]p,, {2o}) : 
u E€ U} =+00. Note that for each u € U, 


(fH lta, t20) do) a ( Hea 20)? da) eee 


1/ 
Thus sup { (J H ([u]a, {%o})? da) "uë v) = +00, which contradicts the 


assumption that U is uniformly p-mean bounded. 
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Theorem 3.14. Let U be a subset of Fitsag(X)?. If U is p-mean equi-left- 
continuous, then the following three properties are equivalent: 

(i) There exists an h € (0,1) such that U(h) is bounded in (X,d); 

(ii) For each h € (0,1], U(h) is bounded in (X,d); 

(iii) U is uniformly p-mean bounded. 


Proof. (i)= (iii). Assume that (i) is true, ie. there is an hı € (0,1) such 
that U(h,) is bounded in (X,d). Then there exists an L > 0 such that 
sup{d(z, xo) : x,y € U(hı)} < L. Put M = L-(1—h,)/?. Then for all 
h € [hı, 1] and u € Ọ, 


(f H ([u]a, {tof}? da) E <L-(1—hy)/? =M. (5) 


Since U is p-mean equi-left-continuous, there is an hə > 0 such that for 
all h € [0, ha] and u € U, 


(fH (aos tues)” da) Tai (6) 


Choose an h < min{1 — hı, ha} satisfying 1/h = N € N. Then by (6) for 
k=1,...,N—1landu€Ų, 


(i SO o) 7 n H ((u]a, {£0})” da) i 


(k+1)h 1/p (k+1)h 1/p 
- n (lo z0) da) -f Moa? da ) 


1/p 


(a H (luas lula-n)” da) " s ([ H (ules [Ula—n)? da) al 


(7) 


IA 


and thus by (5) and (7), for all u € U, 


([ Hules 120) aa) - 
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(k+1)h 1/p 
<> ( f Eee in) 


and so (iii) is true. 
(iii) (ii) follows from Lemma 3.13. 
(ii)=(i) is obvious. 


Remark 3.15. From Corollary 5.1 and Theorem 5.5, we know that for a 
p-mean equi-left-continuous set U in Fipgcg(R™)?, the properties (i) U (a) is 
bounded in R” for each a € (0, 1], and (ii) U is uniformly p-mean bounded, 
are equivalent. 


Proposition 3.16. Let U be a subset of Fiigcg(X)?. If U is p-mean equi- 
left-continuous, then for each h € [0,1], there exists a Cn € R such that for 


allu € U, P 
([ A((ula; (tlo—a)? da) Í < Ch: 


Proof. Since U is p-mean equi-left-continuous, then there is an họ > 0 such 
that for all u € U and h € [0, ho], 


(| "(tle files)? da) Mai (8) 


Let h € [0,1]. If h € [0, ho], then the desired result follows from (8). 
If h € (ho, Ll], then there is an N(h) € N such that h/N < ho. Thus for 
all u € U, 


Here we mention that H ([u]a -n lula- t41), k =0,...,N — 1, are left- 
continuous on (h, 1], and thus is measurable on [h, 1]. This conclusion can be 
shown by using Proposition 7.6 and Corollary 7.4. The proof of it is similar 
to that of Proposition 7.7 (i) and Proposition 7.8. 

We can see that 


We can see that (i)=-(iii) in the proof of Theorem 3.14 can also be proved 
by using Proposition 3.16. 


e A subset Y of a topological space Z is said to be compact if for every set 
I and every family of open sets, O;, i € J, such that Y C (er O: there 
exists a finite family O;,, Oi ..., O;, such that Y C O;,U0;,U...UO;,. 

— In the case of a metric topology, the criterion for compactness becomes 

N that any sequence in Y has a subsequence convergent in Y. 


e A relatively compact subset Y of a topological space Z is a subset with 
compact closure. In the case of a metric topology, the criterion for 
relative compactness becomes that any sequence in Y has a subsequence 
convergent in Z. 


e Let (X,d) be a metric space. A set U in X is totally bounded if and 
only if, for each £ > 0, it contains a finite € approximation, where an € 
approximation to U is a subset S of U such that p(x, 5S) < £ for each 
x E€ U. An € approximation to U is also called an e-net of U. 


Let (X,d) be a metric space. A set U is compact in (X, d) implies that U is 
relatively compact in (X, d), which in turn implies that U is totally bounded 
in (X,d). 

Suppose that U is a subset of Fijgc(X) and a € [0,1]. For writing 
convenience, we denote 


e U(a) = Usevltla, and 
e U, := {[u]a : u E U}. 
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We list the following conclusions in [9] which are on the property of Hena 
metric, the characterizations of total boundedness, relative compactness and 
compactness for (F$ scel X), Hena), and the completion of (Ff scel X), Hena). 
These conclusions will be useful in this paper. 


Theorem 3.17. /9] Let u be a fuzzy set in Fhoco(X) and let un, n = 
1,2,..., be fuzzy sets in Figo(X). Then Hena(tn,u) > 0 if and only if 
H([unla; (Ula) — 0 holds a.e. ona € (0,1), which is denoted by H([Unla; lula) —> 
0 (0, 1}). 

Theorem 3.18. /9] Let U be a subset of Fisco X). Then U is totally 
bounded in (Fasca(X), Hena) if and only if U(a) is totally bounded in (X, d) 
for each a € (0, 1]. 


Theorem 3.19. /9] Let U be a subset of Fiscal X). Then U is relatively 
compact in (Fiiscc(X), Hena) if and only if U(a) is relatively compact in 
(X,d) for each a € (0, 1]. 


Theorem 3.20. /9] Let U be a subset of Fiscal X). Then the following are 
equivalent: 


(i) U is compact in (Fhsoc(X),; Hena); 


(ii) U(a) is relatively compact in (X,d) for each a € (0,1] and U is closed 
in (Fusca(*), Hena); 


(iii) U(a) is compact in (X,d) for each a € (0,1] and U is closed in 
(Fusco(X), Hena). 


Theorem 3.21. /9/ CF sea. Hena) is a completion of (Fisco(X), Hena). 


4. Characterizations of compactness in (Fiscg(X)?; dp) 


In this section, we give the characterizations of total boundedness, relative 
compactness and compactness in (F$ scal X}, dp). 

The relationship between the dp metric and the Hena metric given in 
Theorem 3.1 (see the illustrations in Remark 3.2) will be used repeatedly in 
the sequel. 


Lemma 4.1. [fu € Fiscal X}, then u is p-mean left-continuous. 
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Proof. The desired result can be proved in a similar fashion to Lemma 4.3 


—~_— - 
in [7] by replacing {0} with {xo}, where O denotes the point (0,...,0) in R” 
and zo is a point in X. 


Theorem 4.2. Let U be a subset of Fiigag(X)?. Then U is a relatively 
compact set in (Fiscal XY, dp) if and only if 

(i) U is a relatively compact set in (Fiscal X), Hena), and 

(ii) U is p-mean equi-left-continuous. 


Proof. Necessity. If U is a relatively compact set in (Ffsce( X}, dp), 
then by Theorem 3.1, (i) is true. 

The necessity of (ii) can be proved in a similar fashion to the necessity of 
(ii) in Theorem 4.1 in [7], which is Theorem 5.5 in this paper. 

Sufficiency. The proof is similar to the sufficiency part of Theorem 4.1 
in [7]. A sketch of the proof is given as follows 

Let {un} be a sequence in U. To find a subsequence {vn} of {un} which 
converges to v € Ffgcog( X} according to the dp metric, we split the proof 
into three steps 

Step 1. Find a subsequence {v,,} of {un} and v € Fiigog(X) such that 
Hena(Un, v) > 0; that is, by Theorem 3.17, 


H ([Uplas vla) 25 0 (l0, 1]). (9) 


From (i), this step can be done immediately. 
Step 2. Prove that 


(f eh ls Pole)” da ) - — 0 as n => +00. (10) 


Proceeding according to the Step 2 in the sufficiency part of the proof 
of Theorem 4.1 in [7], we can obtain the desired result. 

Here we mention one thing. In this proof of step 2, we need to prove the 
conclusion: for each h € (0, 1], 


([ H ([vn]a; Pole)” da) K — 0 as n => +00. (11) 


In the proof of the corresponding conclusion in [7], which is at Page 28 
Line 6 from the bottom in [7], there is a small mistake (or misprints). In 
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the following, we give a slightly adjusted proof for the above conclusion 
(Obviously, the proof of the corresponding conclusion in [7] can be adjusted 
similarly). 

Note that [v,], and [v], are contained in U(h/2), which is compact in X 
according to Theorem 3.19. Then there is an M(h) > 0 such that 


max{d(z,y):2,y E U(h/2)} < M(h). 
Hence 
H ([Unja,[vle) < M(h) 


for a € [h,l] and n = 1,2,.... Combined with (9) and by using the 
Lebesgue’s dominated convergence theorem, we thus obtain (11). 
Step 3. Show that v € Ff soa XV. 


Since v € Ffgca(X), it suffices to show that S H ([v]a, {vo})? da) G < 
+oo for some zọ € X, which can be proved in a similar fashion to the 
conclusion “ (J H([v]a, {O})? da) 2 < +00” in the Step 3 in the sufficiency 
part of Theorem 4.1 in [7] by replacing {0} with {xo}, where x € X. 


Theorem 4.3. Let U be a subset of Fiscal XP. Then U is a relatively 
compact set in (Fiscal XY, dp) if and only if 

(i) U(a) is relatively compact in (X,d) for each a € (0, 1], and 

(ii) U is p-mean equi-left-continuous. 


Proof. The desired result follows immediately from Theorems 3.19 and 4.2. 


Theorem 4.4. Let U be a subset of Fiscal XYP. Then U is a totally bounded 
set in (Fiscal X}, dp) if and only if 

(i) U is a totally bounded set in (Fiscc(X); Hena), and 

(ii) U is p-mean equi-left-continuous. 


Proof. Necessity. Suppose that U is totally bounded in (Fi scg(X)?, dp). 
Then by (2), U is a totally bounded set in (Fiisog(X), Hena); that is, (i) is 
true. 

The necessity of (ii) can be proved in a similar fashion to the necessity 
of (ii) in Theorem 4.1 in [7], which is Theorem 5.5 in this paper. Let € > 0. 
Since U is totally bounded, there exists an ¢/3 net {ui,...,Un} of U. The 
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remainder proof of the p-mean equi-left-continuity of U is similar to the 
corresponding part of the proof of the necessity of (ii) in Theorem 4.1 in [7]. 

Sufficiency. Suppose that U satisfies (i) and (ii). From Theorem 3.21, 
U is a relatively compact set in eee ), Hena). Then, by Theorem 4.2, 


U is a relatively compact set in (Figcc(X)?, dy), and thus U is a totally 
bounded set in (Fascq(X)?, dp). 


Theorem 4.5. Let U be a subset of Figcg(X)?. Then U is a totally bounded 
set in (Fiscal X}, dp) if and only if 

(i) U(a) is totally bounded in (X,d) for each a € (0, 1], and 

(ii) U is p-mean equi-left-continuous. 


Proof. The desired result follows immediately from Theorems 3.18 and 4.4. 


Theorem 4.6. Let U be a subset of Fiscal X). Then U is compact in 
(Fascoa(X)?, dp) if and only if 

(i) U(a) is relatively compact in (X,d) for each a € (0, 1], 

(ii) U is p-mean equi-left-continuous, and 

(iii) U is a closed set in (Fiscal X}, dp). 


Proof. The desired result follows immediately from Theorem 4.3. 


Theorem 4.7. Let U be a subset of Fiigag(X)?. Then U is compact in 
(Fusco(X)?, dp) if and only if 

(i) U(a) is compact in (X,d) for each a € (0, 1], 

(ii) U is p-mean equi-left-continuous, and 

(itt) U is a closed set in (Fiscal X}, dp). 


Proof. By Theorem 4.6, to show the desired result, we only need to show 
that if U is compact in (Fescq(X)?, dp), then (i) is true. 

Assume that U is compact in (Ff scal X)’, dp), then by (2), U is compact 
in (Fiscc(X), Hena), hence from Theorem 3.20, (i) is true. 


Theorem 4.8. Let U be a subset of Fiscal XY. Then U is a compact set 
in (Fiscal XY, dp) if and only if 

(i) U is a compact set in (Fiscal X), Hena), and 

(ii) U is p-mean equi-left-continuous. 
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Proof. Necessity. Assume that U is compact in (Fiscg(X)?, dp). Hence 
by Theorem 3.1, U is compact in (Fiiscc(X), Hena), i.e. (i) is true. By 
Theorem 4.7, (ii) is true. 

Sufficiency. Assume that (i) and (ii) are true. Then by Theorem 4.2, 
U is relatively compact in (Fiigcg(X)?, dp). To show that U is compact in 
(Fiscal X}, dp), we only need to show that U is closed in (Figoq(X)?, dp). 

To do this, let {un} be a sequence in U and dp(un, u) > 0. Then by The- 
orem 3.1, Hena(un,u) —> 0. Since from (i), U is closed in (Fiigco(X), Hena), 
we have that u € U. So U is closed in (F$ scal X)’, dp). 


From Theorems 4.2, 4.4 and 4.8, we obtain the following conclusion: 


e Let U be a subset in Figog(X)?. Then U is total bounded (respec- 
tively, relatively compact, compact) in (Fiigcg(X)?, dp) if and only 
if U is total bounded (respectively, relatively compact, compact) in 
(Fisog(X), Hena) and U is p-mean equi-left-continuous. 


5. Characterizations of compactness in (Figcq(R™)”, dp) 


In this section, we discuss the characterizations of total boundedness, rel- 
ative compactness and compactness in (Fijsc¢(R™)?, dp). We point out that 
the conclusions on the characterizations of total boundedness, relative com- 
pactness and compactness in (Fjgcc¢(R”)?’, dp) given in our previous work 
[10] can be seen as corollaries of the corresponding results for (Fi scel X Y, dp) 
given in Section 4 of this paper. Furthermore, by using results in Sections 3 
and 4, we give new characterizations of total boundedness, relative compact- 
ness and compactness in (Fuscg(R™)?, dp). 

Note that for a subset V of R™, the conditions (i) V is relatively com- 
pact in R”, (ii) V is totally bounded in R”, and (iii) V is bounded in R”, 
are equivalent to each other. Thus Theorems 4.3, 4.5, 4.6 and 4.7 imply 
the following four conclusions on the characterizations of compactness in 
(Fisco(R™)?, dp), respectively. 


Corollary 5.1. Let U be a subset of Figcc(R™)?. Then U is a relatively 
compact set in (Fisca R”), dp) if and only if 

(i) U(a) is bounded in R™ for each a € (0,1), and 

(ii) U is p-mean equi-left-continuous. 
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Corollary 5.2. Let U be a subset of Figcc(R™)?. Then U is a totally 
bounded set in (Fiigag(R™)?, dp) if and only if 

(i) U(a) is bounded in R™ for each a € (0,1], and 

(ii) U is p-mean equi-left-continuous. 


Corollary 5.3. Let U be a subset of Figcq(R™)?. Then U is compact in 
(Fiscg(R™)?, dp) if and only if 

(i) U(a) is bounded in R™ for each a € (0, 1], 

(ii) U is p-mean equi-left-continuous, and 

(itt) U is a closed set in (Fisca R”), dp). 


Corollary 5.4. Let U be a subset of Figag(R™)?. Then U is compact in 
(Fisog(R™)?, dp) if and only if 

(i) U(a) is compact in R™ for each a € (0, 1], 

(ii) U is p-mean equi-left-continuous, and 

(itt) U is a closed set in (F} goal R”), dp). 


In [7], we have obtained the following three conclusions on the character- 
izations of compactness in (Fugcq(R™)?, dp). 


Theorem 5.5. (Theorem 4.1 in [7]) Let U be a subset of Fiscc(R™)?. Then 
U is a relatively compact set in (Fisccg(R™)?, dp) if and only if 

(i) U is uniformly p-mean bounded, and 

(ii) U is p-mean equi-left-continuous. 


Theorem 5.6. (Theorem 4.2 in [7]) Let U be a subset of Fiigcg(R™)?. Then 
U is a totally bounded set in (Fogcc(R™)?, dp) if and only if 

(i) U is uniformly p-mean bounded, and 

(ii) U is p-mean equi-left-continuous. 


Theorem 5.7. (Theorem 4.3 in [7]) Let U be a subset of Figcg(R™)?. Then 
U is compact in (Fiscc(R™)?, dp) if and only if 

(i) U is uniformly p-mean bounded, 

(ii) U is p-mean equi-left-continuous, and 

(iii) U is a closed set in (Féscg(R™)?, dp). 


Remark 5.8. From Theorem 3.14, we can see: 

Corollary 5.1 implies Theorem 4.1 in [7] (which is Theorem 5.5 in this paper), 
and the converse is true; 

Corollary 5.2 implies Theorem 4.2 in [7] (which is Theorem 5.6 in this paper), 
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and the converse is true; 

Corollary 5.3 implies Theorem 4.3 in [7] (which is Theorem 5.7 in this paper), 
and the converse is true. 

So the characterizations of compactness for (Fiigcg(R™)?, dp) in [7] (Theo- 
rems 4.1, 4.2 and 4.3 in [7]) can be seen as corollaries of the characterizations 
of compactness for (Fiigcg(X)?, dp) in this paper (Theorems 4.3, 4.5 and 4.6). 
The results of the characterizations of compactness for (Fiscal X}, dp) in 
this paper generalize the corresponding results for (Figoq(R™)”, dp) in [7]. 


In the following, we give new characterizations of compactness for (Figcg(R™)”, dp). 
Using Theorem 3.14, we can obtain the following characterizations of 
compactness for (Figcoq(R™)’, dp) from Corollaries 5.1, 5.2 and 5.3. 


Theorem 5.9. Let U be a subset of Figcq(R™)?. Then U is a relatively 
compact set in (Fagcog(R™)?, dp) if and only if 

(i) There exists an h € (0,1) such that U(h) is bounded in R™, and 

(ii) U is p-mean equi-left-continuous. 


Theorem 5.10. Let U be a subset of Figog(R™)?. Then U is a totally 
bounded set in (Fisccg(R™)?, dp) if and only if 

(i) There exists an h € (0,1) such that U(h) is bounded in R”, and 

(ii) U is p-mean equi-left-continuous. 


Theorem 5.11. Let U be a subset of Figcg(R™)?. Then U is compact in 
(Fisog(R™)?, dp) if and only if 

(i) There exists an h € (0,1) such that U(h) is bounded in R”, 

(ii) U is p-mean equi-left-continuous, and 

(iii) U is a closed set in (Fiscg(R™)?, dp). 


6. Completion of (Fiigog(X)?, dp) 


In this section, we show that (F scel X}, dp) is a completion of (Fiigcp(X), dp), 
and thus a completion of (Fagcg(X)?, dp). 
Theorem 6.1. (X,d) is complete if and only if (Fiscq(X)?, dp) is complete. 


Proof. Necessity. Suppose that (X, d) is complete. To show that (Ff sca X}, dp) 
is complete, we only need to show that each Cauchy sequence in (Ff scal X), dp) 
is relatively compact. 
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Let {un : n € N} be a Cauchy sequence in (Fisog(X)?, dp). Then {up : 
n € N} is totally bounded in (F§scg(X)?, dp). By Theorems 4.2 and 4.4, to 
show that {un : n € N} is relatively compact in (Fiscal X)”, dp), we only 
need to show that {un : n € N} is relatively compact in (Figoo(X)?, Hena). 

By Theorem 4.4, {up : n € N} is totally bounded in (Figoq(X), Hena). 
Since, by Theorem 6.1 in [9], (Fiéscc(X), Hena) is complete, and thus {un : 
n € N} is relatively compact in (Fiigog(X), Hena). 

Sufficiency. Suppose that (F!gcg(X)”, dp) is complete. Let X = {2 : 
a € X}. Then X C Fisop(X). Define f : X > X by f(x) = 2. Note that 
d(x,y) = dp(2, y). Hence f is a isometry from X to X. If {Tn} converges 
to u € Fitsog(X)?, then there exists an x € X such that [u]a = {x} for all 
a € [0, 1]; that is u = è. Thus X is a closed subspace of (Ft gog(X}”, dp). So 
(X,d) is isometric to a closed subspace of (Fiscal X)”, dp), and then (X, d) 
is complete. 


Corollary 6.2. (Figcq(R™)”, dp) is complete. 


Proof. Since R” is complete, the desired result follows immediately from 
Theorem 6.1. 


Remark 6.3. Corollary 6.2 is Theorem 5.1 in [7]. So Theorem 6.1 in this 
paper generalizes Theorem 5.1 in [7]. 


For u € Fiscg(X) and e > 0, define uf € Fiscp(X) by 


wh- f file seen 


[ule, a € [0,e]. 
Theorem 6.4. Fiigcp(X) is a dense set in (Figcc(X)?, dp). 


Proof. The desired result can be proved in a similar fashion to Theorem 5.2 
in [7]. In fact, it is shown that for each v € Fhgcg(X)?, dp(v/™, v) > 0. 


Theorem 6.5. (Figcc(X)?, dp) is a completion of (Fiscp(X), dp). 


Proof. In the proof of Theorem 6.3 in [9], we show the following conclusion 
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e for each v € Fiigcp(X) and each e > 0, there is a w € Figop(X) such 
that H([wla, [v]a) < € for all a € [0, 1]. 


Thus we have d,(v, w) < £. This means that Fi}¢p(X) is dense in (Poss (2), dp). 
From Theorem 6.4, we know that Ffgcop(X) is dense in (Fiscal X)’, dp). 
Combined the above conclusions, we obtain that Figcap(X) is dense 


in (Fiscal X)”, dy). By Theorem 6.1, (Fiscg(X)?, dp) is complete. So 
(Fiscal X}, dp) is a completion of (Peas), dp). 


Corollary 6.6. (Fiscal X¥,dp) is a completion of (Fiscal XY, dp). 


a Proof. Since Fhoag(X) C Fhgeg(X)? C Fhscq(X)’, the desired result 
follows immediately from Theorem 6.5. 


S 7. Measurability of function H ([u]a, [v]a) 


= For u,v € Figc(X), d,(u,v) is well-defined if and only if A({ula, [v]a) 
N is a measurable function of a on [0,1]. So it is important to discuss the 
measurability of the function H([u]q, vj.) of a on [0,1]. In this section, we 
give some fundamental conclusions on this topic. 

We uniformly use H to denote the Hausdorff metric on C(X) induced 
by dx, where (X,dx) is a certain metric space. The meaning of H can be 
judged according to the context. 

We have pointed out the following statements on the measurability of the 
function H([uJa, [v]a) (See [8] or [10] which was submitted on 2019.07.06). 


e For u € Figo(X) and zo € X, H (Jula, {vo}) is a measurable function 
of a on (0, 1]. 


e For u,v € Fico (R™”), A([ula; [v]a) is a measurable function of a on 
(0, 1]. 


e For u,v € Fiscal X), A((ula; [v]a) is a measurable function of a on 
[0, 1]. 


e There exists a metric space X and u,v € Figo(X) such that H (Jula, [v]a) 
is a non-measurable function of a on [0, 1]. 
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In this section, we first give the proofs of the first three statements and 
the example to show the last statement (we submitted the proofs of the 
first three statements in [11]). Then we give some improvements of these 
statements. 


Proposition 7.1. Foru € Fisc(X) and x € X, H([ula, {£0}) is a mea- 
surable function of a on [0,1]. 


Proof. We can see that forO<a<6 <1, 


H([u]a, {£0}) = sup d(x, £o) > sup d(x, xo) = H([uls, {x0}). 


The desired result follows from the fact that H ([ul]a, {£0}) is a monotone 
function of a on [0,1]. 


Let R= RU {—oo} U {+00}. Let [u,v] be an interval in R, a € (u, v], f 
a function from |u, v] to R. liminf,_,.— f(y) is defined by 


liminf f(y) := inf{x € R : there is a sequence {Yn} in [u,v] 


y>a— 


such that qn > a — and z= lim f(y)}, 


n+ +00 
here limps +o f (Yn) = +00 and liMns+o f(n) = — are possible. 
For f : [u,v] > Randa € (u, v], liminf,,.— f(y) exists. liminf,.a— f(y) = 


+oo and liminf,,.— f(y) = —oo are possible. 
We can check that lim inf,_,.— f(y) = min{z € R: there isa sequence {7n} such that yn > 
a— and x = lim, +400 f(%m)}. Clearly if lim,_,._ f(y) exists, then lim,_,._ f(y) = 
lim Miya gas f (9). 
Let f be a function from [u,v] to R and r € R. The symbol {f > r} is 
used to denote the set {a € [u,v]: f(a) >r}. 


= 
¢ 


ad? 


Lemma 7.2. Let [u,v] be an interval, f a function from |u, v] to R, and 
a € (p,v]. Then the following properties are equivalent: 

(i) For eachr € R, ifa € {f >r}, then there exists (a) > 0 such that 
[a _ d(a), a] c {f > r}; 

(ii) fla) < lmint, 44 (7). 
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Proof. The equivalence of properties (i) and (ii) follows from basic analysis. 

Assume that (i) is true. If f(a) = —oo, then (ii) is true. Now suppose 
that f(a) > —oo. Given r € R with f(a) >r. Then there exists (a) > 0 
such that [a — d(a),a] C {f > r}, thus liminf,,,_ f(y) > r. From the 
arbitrariness of r € (—oo, f(a)), we have f(a) < liminf,_,,_ f(y). So (ii) is 
true. 

Assume that (ii) is true. Let r € R. Ifa € {f > r}, then liminf,,._ f(y) > 
r. We claim that there exists d(a@) > 0 such that [a — 6(a),a] C {f > r}. 
Otherwise there exists {an} in [u,v] such that a, > a— and f(an) < r, 
which contradicts lim inf,_,.— f(y) >r. 


Proposition 7.3. Let [u,v] be an interval and let f be a function from |u, v 
to R. If f(a) < liminf,_,._ f(y) for alla € (u,v), then f is a measurable 
function on |p, v]. 


Proof. We only need to show that for each r € R, the set {f > r} isa 
measurable set. 


Step (i) For each r € R, if a > u and a € {f > r}, then there exists 
d(a) > 0 such that [a — 6(a),a] C {f >r}. 

From Lemma 7.2, this conclusion is equivalent to the conclusion that 
f(a) < liminf,_.— f(y) for all a € (u,v). 


Step (ii) For each r € R, if {f >r}\ {u} AO, then {f >r}\ {pu} isa 
union of disjoint positive length intervals. 

Suppose that {f > r}\ {uw} # 0. For x € {f > r}\ {pu}, let T = 
U{la,b] : x € [a,b] C {f > r}\{u}}, ie. -T is the largest interval 
in {f > r} \ {u} which contains x. Then by step (i), Tisa positive 
length interval. Note that for x,y € {f > r}\ {u}, if any # Ú, 
then T =“y. Thus {f >r}\ {u} is a union of disjoint positive length 
intervals. 


Step (iii) For each r € R, {f >r} is a measurable set. 

Clearly, if positive length intervals are disjoint, then these positive length 
intervals are at most countable. Thus, from step (ii), {f > r}\ {pu} isa 
measurable set. So {f >r} is a measurable set. 
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Corollary 7.4. Let [u,v] be an interval in R and let f be a function from 
[u,v] to R. If f is left-continuous at a € (u,v], i.e., f(a) = limsa- f(y), 
then f is a measurable function on |u, 1]. 


Proof. f is left-continuous on (u,v] means that f(a) = lim, f(y) = 
liminf,— f(y) for all a € (u,v). So the desired result follows immediately 
from Proposition 7.3. 


For u,v € Fisc(X) and r € R, we use the symbol {H(u,v) > r} to 
denote the set {a € [0,1]: H([uJa, [v]a) > r}. 


Proposition 7.5. For u,v € Fisc(R™), H (ula, [v]a) is a measurable func- 
tion of a on [0,1]. 


Proof. From Proposition 7.3, to show the desired results, we only need 
to show the conclusion that H ([u]a, lv]a) < liminf,,,.— H([u],, [v]y) for all 
a € (0, 1], which, by Lemma 7.2, is equivalent to the following conclusion 


e For each r € R, if a > 0 anda € {H(u,v) > r}, then there exists 
d(a) > 0 such that [a — d(a),a] C {H (u,v) >r}. 

We proceed by contradiction. Assume that there is ar € R anda > 0 
with a € {H(u,v) > r} such that for each 6 > 0, [a — ô, a] Z {H(u,v) >r}. 
Then there exists a sequence {yn} in [0, œ) such that for n = 1,2,..., Yr4i > 
Yn) Yn > @, and 


H (fuj; Chin) < T- 


Given x € [u]a, then d(x, [v] n) < H (luly, [v] n) < r. Therefore there 
exist Yn € [v], such that d(£, yn) = d(x, [v] ) < r. Hence there is a sub- 
sequence {Yn,} of {yn} such that {yn;} converges to y € R™. Note that 
d(x,y) < r and y € A[o]n, = [v]a, so we have d(x, |v]a) < r. 

From the arbitrariness of x, H*(fu]a, [v]a) < r. Similarly, we can deduce 
that H*([v]a, [u]a) < r. Thus H([u]a, [v]a) < r, which is a contradiction. 


The following Proposition 7.6 is Lemma 4.4 in [8]. 
Proposition 7.6. /8/ Let U, € K(X) forn =1,2,.... 
(i) fU 2 U 2 on 2 Uy Dany then U = NZ Un € K(X) and 
H(U,,U) > 0 as n > +00. 
(i) IfVU CWC... C VWC... and V = US Va € K(X), then 
H(Va, V) > 0 as n > +00. 
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Proof. (i) is easy to show. Since for n = 1,2,..., U, is closed, then U 
is a closed subset of the compact set U,. Hence U is compact. Suppose 
that H(U,,U) Æ 0. Then there is an ¢9 > 0 such that H(U,,U) > €o for 
n = 1,2,.... Hence for each n = 1,2,... there exists x, E€ Un such that 


dleta Uj > €. (12) 


Since U; is compact, then there is a subsequence {2,,,} of {xn} such that xp, 
converges to x € U}. Note that z € N$ Up, = U, which contradicts (12). 

To prove (ii). Suppose that H(V,,V) Æ 0. Then there is an £ọ > 0 such 
that H(V,,V) > £o for n =1,2,.... Hence for each n = 1,2,... there exists 
£n E€ V such that 


dhn, Vn) > E0- (13) 


Since V is compact, there is a subsequence {x,,} of {£n} such that £p, 
converges to x € V. From the definition of V, there exists {yn} such that 
Yn € Vn and yn > x. Thus d(x, Va) > 0, which contradicts (13). 


Proposition 7.7. (i) For u,v € Fiscg(X), H (lula, [v]a) is left-continuous 
ata € (0,1]; 

(ii) For u,v € Ficop(X), A([ula; [v]a) is right-continuous at a = 0. 
Proof. To show (i), let u,v € Fiisog(X). Note that H ([u]a, [v]a) is finite at 
a € (0, 1] and for a, 8 € (0, 1], 


|H (lula lvla) — H (lu]s, lula) < H (ula, lula) + H (lola, [v]s). 
By Proposition 7.6 (i), limgo—(H([uJa, lula) + H (lvla, [u]s)) = 0, and there- 
fore for each a € (0, 1], 


lim H([uls, lel) = H (ula, [v]a), 


Broa- 


i.e. H([uJa, [v]a) is left-continuous at a € (0, 1]. 
The proof of (ii) is similar to that of (i). Note that for u,v € Fiiscp(X) 
and a € (0, 1], 


|H (lula (ula) — H (lulo, [v]o)| < H (lula, lulo) + A Cula, [v]o). 


By Proposition 7.6 (ii), lima»04+ (H ([u]a, [ulo) + H ([vla, [v]o)) = 0, and there- 
fore oe H ([u]a, (Ola) = H (lala; [vlo : i.e. H ([u]a, [v]a) is right-continuous 
at a= 0. 
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Proposition 7.8. For u,v € Ffsca( X), A([ula; [v]a) is a measurable func- 
tion of a on [0,1]. 


Proof. The desired result follows immediately from Corollary 7.4 and Propo- 
sition 7.7 (i). 


Proposition 7.9. For u € Fijsag(X), h € [0,1), 

(i) H([u]a, [Ula—n) is left-continuous at a € (h, 1]; 

(it) H([ula; (Ulan) is a measurable function of a on |h, 1]; 
(iii) H([u]a, [Ula+n) is left-continuous at a € (0,1 — h]; 

(iv) H((ula,[Ulatn) is a measurable function of a on [0,1 — h]. 


Proof. The proofs of (i) and (iii) are similar to that of Proposition 7.7 (i). 
The proofs of (ii) and (iv) are similar to that of Proposition 7.8. 
Note that H([ula, [ula—n) is finite at a € (h, 1] and for a, 8 € (A, 1] 


|H (fula; [u]a-n) — H (lu]s, [ulen)| < A (lula, (ula) + H (lu]a-n lu]s-n). 


By Proposition 7.6 (i), limga- (H ([u]a, [u]s) + H(lu]a-n, [u]s—-n)) = 0, and 
therefore for each a € (h, 1], 


lim A([ulg, lu]s-r) = H ([ula, [Ule—n), 


Broa 


ie. A (lula, [Ula—n) is left-continuous at a € (h, 1]. So (i) is true, and thus 
from Corollary 7.4, (ii) is true. 
Note that H([ulq, [ulatn) is finite at a € (0,1 — h] and for a, 8 € (0,1— h] 


|H (fula; [ula+n) — H (lu]s, [ulera)| < H (lula, lula) + H ([ulorn, lu]s+n). 


By Proposition 7.6 (i), limga- (H ([u]a, [u]s) + H(lu]a+n, [ulein)) = 0, and 
therefore for each a € (0,1 — Al, 


lim A([u]s, [u]s+n) = H (lula, a+r), 


ie. H([u]a, [ula+n) is left-continuous at a € (0,1 — h]. So (iii) is true, and 
thus from Corollary 7.4, (iv) is true. 


To give the example which shows the last statement presented in [8] which 
is listed at the beginning of this section, we need some conclusions at first. 
The following representation theorem should be a known conclusion. 
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Theorem 7.10. Let X be a set. Given u € F(X), then for all a € (0, 1], 
[lula = Ng<alule. 

Conversely, suppose that {u(a) : a € (0,1]} is a family of sets in X 
satisfying u(a) = Ng<aul b) for alla € (0,1]. Define v € F(X) by v(x) := 
sup{a: x € u(a)} (sup@ = 0). Then [v]a = u(a) for alla € (0, 1]. 


Proof. (The proof is routine.) Let u € F(X) and a € (0,1]. For each 
x EX, xE lula & u(x) > a > for each 8 < a, u(x) > 8 & for each B <a, 
x € [ulg. So [ula = Ng<alu]g. 

Conversely, suppose that {u(a) : a € (0,1]} is a family of sets in X 
satisfying u(a@) = Ng<qu(B) for all a € (0,1). Define v € F(X) by v(x) := 
sup{a : x E€ u(a)} (sup = 0). To show [v], = u(a) for all a € (0, 1], it 
suffices to show that for each a € (0, 1], [vJa 2 u(a) and [v]q C u(a). 

Let a € (0,1). For each x € X, if x € ufa), then clearly v(x) > a, i.e. 
x E€ [v]a. So [vla D ula). 

For each z € X, if x € [v]a, ie. v(x) > a. Then sup{£ : x € u(f)} > q, 
hence for n = 1,2,..., there exists 6, such that 1 > 8, > a — 1/n and 
£ E Ulba). Set y = supl Bn. Then 1 > y > a and thus z € O} Su( bn) = 
u(y) C u(a). So [v]a C ula). 


Let (Y, p) be an extended metric space. For y € Y and € > 0, let B(y, €) 
denote the set {z € Y : ply,z) < e}. {B(y,£) : y € Y,£ > 0} is a basis for 
the topology induced by p on Y. The closure of a set A in (Y, p), denoted 
by A, refers to the closure of A in Y according to the topology induced by 
pon Y. Then z € A if and only if there is a sequence {zn} in Y such that 
Pl£n, £) + 0. So x € A if and only if p(x, A) = 0. 

Here we mention that if (Y, p) is an extended metric space, then the 
Hausdorff distance H on C(Y) induced by p using (1) is an extended metric 
on C(Y), where C(Y) denotes the set of nonempty closed sets in (Y, p). It can 
be seen that H satisfies positivity and symmetry. To show that H satisfies 
the triangle inequality, we only need to show that 


H*(U,W) < H*(U, V) + H*(V,W) (14) 
for U, V,W € C(Y). To do this, let x € U. Then 
PEN 
pl, W) < inf inf (els, y) + ply, 2)} 
< inf {o(z,y) + ely, W)} 
yEV 
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< inf p(x,y) + H*(V,W) 
yEV 


= p(z, V) + H*(V, W) 
< H*(U, V) + H*(V, W). 


From the arbitrariness of x in U, we obtain (14). So the Hausdorff distance 
H on C(Y) is the Hausdorff extended metric. 

For simplicity, we refer to both the Hausdorff extended metric and the 
Hausdorff metric as the Hausdorff metric in this paper. 

For an extended metric space (Y, p), we define 


Fysc(Y) = {u € F(Y) : [ula is closed in (Y, p) for a € (0, 1]}. 


Let T be a set, and for each y € I, let (X4, d}) be a metric space. Define 


an extended metric d on Į er X, as 


d(x,y) := sup{d,(ry, yy): y ET} (15) 


for x = (£,)yer and y = (yy)yer- 

We use the symbol ] | yer (Xy, dy) to denote the extended metric space 
(I yer X,,d). If not mentioned specially, we suppose by default that the 
extended metric on ] [ er X; is the d given by (15). 

Let u, € F(X,), y ET. Define u € F(] Ler X) as 


lula = J [lua for each a € (0, 1]. (16) 
yer 
We use [[ er uy to denote the fuzzy set u given by (16). 


From Theorem 7.10, u is well-defined because for each a € (0, 1], 


(ula = | [lela = fF) [ [feds = A fede. 


ye. B<a yer B<a 


In this paper, if not mentioned specially, we use S to denote the closure 
of S in a certain extended metric space (X,dx). For a set SC X}, y ET, 
we use S to denote the closure of S in (X4, d4). For a set S C ] [per Xy, we 


also use S to denote the closure of S in (Į yer Xv d). The readers can judge 
the meaning of S according to the context. 


Lemma 7.11. Let I be a set, and for each y ET, let (X},d,) be a metric 


space. If A, C X} fory ET, then ] Ler Ay = [yer Ay. 
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Proof. Clearly [[ -p A, wer 4y © [yer Ay 


Conversely, if x = (xy)ver € Teer A,, then for each £ > 0, there exists 
y = (Yer € [yer Ay such that d,(x,, yy) < € for all y € IF. So d(x,y) < e. 


From the arbitrariness of € > 0, we have x € Ter Ar Thus Mery > 
[Ler Ay. o 
In summary, [Iyer 4y = [Ler Ay. 


Theorem 7.12. LetT be a set, and for each y ET, let (X,,d,) be a metric 
space. If uy E Fusc(Xy) for each y ET, then u = ] | ep uy is a fuzzy set in 
Fusc( Ler X4) 


Proof. By (16) and Lemma 7.11, for each a € (0, 1], 


ula = | [ Pele = [ [lua = lula, 


yer yer 


yer 


thus u € Fusc([ Ler X) 


In the following theorem, we use H to denote the Hausdorff metric on 
C (X) induced by d,. We also use H to denote the Hausdorff metric on 
C(] Ler X,) induced by d. 


Theorem 7.13. LetT be a set, and for each y € I, let (Xy,d,) be a metric s- 
pace. If A, and B, are elements in C(X}) fory ET, then H(] Ler Ay; [yer By) = 
super H(A,, By). 


Proof. From Lemma 7.11, J L <p A, and ] [er By are elements in nC (er X me 
Note that d(x, J L er By) = supjep dy(ty, By) for each x = (z,)yer € 
I Ler Xy. Thus 


H*([[4,.[[8) = sup d(x, | [ B») 


yer yer zeller Ay yer 


= sup supd (z, B}) 
zE l er Ay yer 


sup sup d(x}, B,) 
yer tyEAy 


= sup H*( A}, B}). 


yer 
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So 
H(|I Ay, I] By) = se H(A,, By). 


ye. yer 7 


Now, we give an example to show that there exists a metric space X and 
u,v € Figc(X) such that A([u]a, [v]a) is a non-measurable function of a on 
[0, 1]. 


Example 7.14. We see [0, 100] \ {10} as a metric subspace of R. Let z € 
(0, 1]. Define u7 € Figc([0, 100] \ {10}) as 


wh-{ 2 a € [2,1], 


{3} U (10,10 +€], a=2z(l—-«), O0<e<1. 
Let z € (0, 1]. Define v? € Fġsc([0, 100] \ {10}) as 


P {173}, ae€(z,1], 
[Ula = l [71,81], a € [0,2]. 


Then for z € (0, 1], 


70, a € (z, 1], 
Ae las ele) = $ 78, = 2; (17) 
Tl-e€, a=2(1-¢), 0<e<1, 


where H is the Hausdorff metric on C([0, 100] \ {10}) induced by the metric 
on [0, 100] \ {10}. 

We see [0,9] as a metric subspace of R. Define w € F([0,9]) as w(t) = 1 
for all t € [0,9]. 

Let A be a non-measurable set in (0, 1]. 

Let u := ILe. u, and let v := ILe, vz, where 


i“ z € A, Ba z E€ ÁA, 
Uz = Uz = 


w, z€ [0,1] \ 4A, w, z€ [0,1] \ 4A. 
Then by Theorem 7.12, u and v are fuzzy sets in Fõse(I Lep, X,), where 


= f [0,100] \ {10}, ze A, 
x={ (0, 9], sE [0,1]\ A. 
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Here we mention that ([],<j9 1; Xz, d) is a metric space with d given by (15). 
By Theorem 7.18, 


H (ula; [v]a) 

= sup H ([u7]a; lvla) V sup H((0, 9], (0, 9) 
zEA z€[0,1]\A 

= sup H([u*Ja, [v"]a) 
zEA 
= 78, œa € Å, 

l <71, a€ [0,1] \ A. 


So {a € [0,1] : H([ula, [vla) > 73} = A, and thus A([ula, [v]a) is a non- 
measurable function of a on [0,1]. 


In the sequel, we give some improvements of Propositions 7.1, 7.5 and 
Appendix A.6, which are the statements on measurability of H([ula, [v]a) 
presented in [8]. We first prove Theorem 7.15 which is an improvement of 
Propositions 7.1 and Appendix A.6. Then we show Theorem 7.17 and use it 
to improve Theorem 7.15 and Proposition 7.5. 

Let v € Fiigo(X) and let 0< a < B < 1. The “variation” w,(a, 8) is 
defined as w,(a, 8) := sup{H([v]e, [v]n) : €n € (a, Bl}. 


Theorem 7.15. Letu € Figo(X) and letv € Figag(X). Then H((ula, [v]a) 


is a measurable function of a on [0,1]. 


Proof. The proof is divided into three steps. 
Step (I) A* (lula, [v]a) is a measurable function of a on {0, 1]. 
Let € € R and let n € N. Define 


Se := {a € [0,1] : H*([ula; (la) 2 EF, 


1 
Sen = Se N (=, 1). 
£, en 


To show that H*([u]a, lv]a) is a measurable function of a on [0,1], it 
suffices to show that for each € € R and n € N, Sg n is a measurable set. 


Since v € Fiigog(X), from Lemma 6.5 in [8] for each k = 1,2,..., there 
exist 4 = a < < at = 1 such that wy (al, a) < ¢ for all i = 
Deel. 


k) 


Let Tki := {x : there exists s € Sç such that al a5 35 a) }. Put 


Th i= eS Te We affirm that 


37 


202110.00083v7 


chinaXiv 


(i) Tẹ is a measurable set, 
(ii) Tk 2 Sen, and 
(iii) Te C Sea, 


If Tki £0, then Tp; is an interval. Thus (i) is true. (ii) follows from the 
definition of Tẹ. 

For each 7 = 1,..., lx — 1 and each x € Tka, there exists an s € Sẹ such 
that a) Or Se aS at), and thus 


Hence Tk C Set. Clearly, Tę C (-, 1]. So (iii) is proved. 
By affirmations (ii) and (iii), we have 


+00 +00 
Sea S( ARCAN Sein = Sén- (18) 
k=1 k=1 


From affirmation (i), 25 Tk is measurable, and thus by (18), Sen = NS Th 
is measurable. 

Step (II) H*([vla, ula) is a measurable function of a on [0,1]. 

The proof of Step (II) is similar to that of Step (I). 

Let € € R and let n € N. Define 


S$ := {a € [0,1] : H* (lola, [ula) > EF, 
1 

So" := S§q(-, 1). 
n 

To show that H*([v]a,[uJa) is a measurable function of a on [0,1], it 
suffices to show that for each € € R and n € N, S®"” is a measurable set. 


Let T”! := {x: there exists s € SË such that a™ <s<r< al”) h. Put 
T* := Uk, T**. We affirm that 


(i) T* is a measurable set, 


(i) TF D S&", and 
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(iii) T" C Ste", 

(i’) is true because if T*’ Æ Ø, then T** is a point or an interval. (ii’) 
follows from the definition of T*. 

For each i = 1,...,l, — 1 and each x € T*", there exists an s € S$ such 


(k) 


that aP < s < z < aigi, and thus 


Hence T* C Se_1. Clearly, T* C (4,1]. So (iii’) is proved. 
From affirmations (ii’) and (iii), 


+00 +00 
See, rcs as (19) 


So by affirmation (i’) and (19), 8%” = (25 T* is measurable. 
Step (III) A((ula, [vja) is a masuali. function of a on [0,1]. 
Since that H(ļ[u]a, [vla) = max{H*([u]a, [v]a), H*([v]a, [ula)}, then the 
desired result follows immediately from the fact that both H *({ula, [v]a) and 
H*([v]a, [ula) are measurable functions of a on [0, 1], which is provedi in steps 


(I) and (II). 


Remark 7.16. Theorem 7.15 is an improvement of Proposition Appendix 
A.6. Since a singleton set is a compact set, Theorem 7.15 is also an improve- 


ment of Proposition 7.1. 
Obviously, if € < 0, then Sg = S$ = [0,1] and Sgn = S8” = [-, 1]. 


Let (X,dx) be a metric subspace of (Y,dy). To distinguish from the 


closure of S in (X,dx), we use S” to denote the closure of S in (Y, dy). 
For u € Fiiso(X), define uY € Fiisc(Y) as 


[ula = Ns<alula for a € (0, 1. (20) 


Note that [u”]a = Ng<alu”]g for all a € (0,1] (since we can see that for 


— Y — yY 
Q E (0, 1], Ng<alu* |p = Ne<a Ny<8 lu]; = ooo = lu” |): Then by 
Theorem 7.10, u” is well-defined. 
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For each u € Fiiso(X), define 


T(u)” := {a € (0,1): [l]a 2 [ula }- 


If there is no confusion, we will write r (u)” as T (u) for simplicity. 

We use H to denote the Hausdorff metric on C(X) induced by dx, and 
we also use H to denote the Hausdorff metric on C(Y) induced by dy. 

We will use the following Theorem 7.17 to improve Theorem 7.15 and 
Proposition 7.5. 


Theorem 7.17. Let (X,dx) be a metric subspace of (Y,dy) and let u,v € 
Figc(X). ane o 
(i) [u%Ja 2 lula for alla € (0,1], and [u¥]o = fu]o . 
(ii) For each a € [0,1] \ (T(u) UT (v)), 


H (l]a, l]a) = H (lula, [v]a)- 
(iii) The cardinality of T (u) is less than the cardinality of Y \ X. 
Proof. (i) follows from the definition of u”. The proof is routine. From (20), 
clearly fu” ]a 2 Tula. To show [u* ]o = feo, it suffices to show that [u*]o D 
lulo and [u*]o C elo. lu” ]o = Osa la 2 Unsoltla = [ulo For each 


E (0,1), la C [alae © Teo, and hence [u”]o = Uarota € Telo 
From (i) and the definition of T (u), for each a € [0,1] \ Tu) UT (w)), 


H((u" Jos W]e) = H (las Pla) = Hllu]a, [vla), 


and thus (ii) is proved. 

To show that (iii) is true, it suffices to construct an injection j : F(u) > 
Y\ X. 

Let y € T'(u). Then there is an x, € Y such that x, € [u’], \ [uh 
Define j(y) = x, for each y € F(u). Since x, ¢ [u], = Ng<,|ulg, there is a 
B < y such that x, ¢ [u]g. On the other hand, since x, € [u*],, we have 
Ty € ial Thus x, € Y \ X. Hence j is an functor from T (u) to Y \ X. 

Let €,n € T(u) with € < n. Since ze ¢ [ule E. , then ze ¢ [uw], when A > €. 
Hence xe ¢ [u*],. Notice that x, € [u*],,, and therefore xe # z,. Thus j is 
an injection. So (iii) is proved. 


=Y 
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Corollary 7.18. Let (X,dx) be a metric subspace of (Y,dy) and Y \ X 
an at most countable set. Then for u,v € Fiso(X), H([u* Ja, [v Ja) is a 
measurable function of a on [0,1] if and only if H([ula, [vja) is a measurable 
function of a on [0,1]. 


Proof. By (ii), (iii) of Theorem 7.17, we have that H([u* Ja, [v” Ja) = H (lula, lvla) 
on [0,1] except at most countable a € [0,1]. Thus we obtain the desired re- 
sult. 


Let S C R”. We see R™ \ S as a metric subspace of R”. 


Corollary 7.19. Let S be an at most countable subset of R™. Let u,v € 
Fisc(R™ \ S). Then H([ula;[v]a) is a measurable function of a on [0,1]. 


Proof. The desired result follows from Proposition 7.5 and Corollary 7.18. 
Let Y = R”. Then from Proposition 7.5, H((u*]o,[v’]a) is a measurable 
function of a on [0,1]. So by Corollary 7.18, H([uJa, |v]a) is a measurable 
function of a on [0,1]. 


Corollary 7.20. Let (X,dx) be a metric subspace of (Y,dy) and Y \ X 
an at most countable set. Let u,v E€ Fiso(X). If uY € Féscc(Y), then 
H ([u]a, [v]a) is a measurable function of a on [0,1]. 


Proof. The desired result follows from Theorem 7.15 and Corollary 7.18. S- 
ince vY € Fiigo(Y) andu” € Fisce(Y), then by Theorem 7.15, H([u® Ja, WY Ja) 
is a measurable function of a on [0, 1]. Thus from Corollary 7.18, H([ula, [v]a) 
is a measurable function of a on [0, 1]. 


Remark 7.21. Let (X,dx) be a metric subspace of (Y,dy). Clearly, if 
u € Fheog(X), then [ula = [u¥]a for a € (0,1] and thus uY € Fhe (Y). 
So Corollary 7.20 is an improvement of Theorem 7.15. 

Corollary 7.19 is an improvement of Proposition 7.5. 

Theorem 7.15 is the special case of Corollary 7.20 when Y = X. Propo- 
sition 7.5 is the special case of Corollary 7.19 when S = Q. 


The results in this section was recorded in [12]. In essence, contents 
including Theorem 7.17, Corollaries 7.18 and 7.19 have already been proved 
in chinaXiv:202108.00116v1, which is a previous version of [12]. 
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8. Conclusions 


In this paper, we discuss properties of the d, metrics and the spaces of 
fuzzy sets in a general metric space (X,d) with d, metrics. 
1/p 
We show that for u,v € Fogo(X), dš(u, v) > (zeua) . If dp(u, v) 


P 
is well-defined, then d,(u,v) = dž (u, v) and of course dž (u, v) can be replaced 
by d,(u,v) in the above inequality. 

We obtain the characterizations of total boundedness, relative compact- 
ness and compactness in (Fugcq(X)?, dp). These conclusions generalize the 
corresponding conclusions in [10]. Our results indicate that for a subset U 
in Fiisog(X)?, U is total bounded (respectively, relatively compact, com- 
pact) in (Figcg(X)?, dp) if and only if U is total bounded (respectively, 
relatively compact, compact) in (Fijgscg(X), Hena) and U is p-mean equi- 
left-continuous. 7 

We show that (Fiscal X)”, dp) is a completion of (Fiscp(X), dp), and 
thus a completion of (F$ soal X), dp). 

In what cases the d, metrics are well-defined is a fundamental question. 
For u,v € Figc(X), dp(u,v) is well-defined if and only if H({ula, [v]a) is a 
measurable function of a on [0,1]. In Section 7 of this paper, we obtain the 
following conclusion. 

(i) Let (X,dx) be a metric subspace of (Y,dy) and Y \ X an at most 
countable set. Let u,v € Figo (X). If u” € Fiscg(Y), then d,(u,v) is 
well-defined. 

In the special case of Y = X, the above conclusion become: 

Let u € Fiisc(X) and let v € Ffscel(X). Then d,(u, v) is well-defined. 

(ii) Let S be an at most countable subset of R™. We see R” \ S as a 
metric subspace of R”. For u,v € Fiigo(R™ \ S), dp(u, v) is well-defined. 

In the special case of S = 0, the above conclusion become: 

For u,v € Fiisc(R™), dp(u, v) is well-defined (we point out this conclusion 
in [8]). 

(iii) There exists a metric space X and u,v € Fġsc(X) such that d,(u, v) 
is not well-defined (we point out this conclusion in [8]). In [8], we introduce 
the dy metric on Fġso(X), which is an expansion of the d, distance on 
Fhisc(X). 

The results of this paper have potential applications in the work relevant 
to d, distance on fuzzy sets. 
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Appendix A. 


The contents in this section has been submitted in last version. 
For u,v € Fisgc(X) and r € R, we use the symbol {H(u,v) > r} to 
denote the set {a € [0,1]: H([uJa, [vla) > r}. 


Proposition Appendix A.1. For u,v € Fijgc(R”), A([ula; (Ula) is a mea- 
surable function of a on [0,1]. 


Proof. We only need to show that for each r € R, the set {H(u,v) >r} is 
a measurable set. 


Step (i) For each r € R, if a > 0 anda € {H(u,v) > r}, then there 
exists d(a) > 0 such that [a — 6(a),a] C {H(u,v) >r}. 

We proceed by contradiction. If for each 6 > 0, [a—4d, a] Z {H(u,v) >r}. 
Then there exists an increasing sequence {7,} such that yn —> a and 


H (fulm: hin) < r- 


Given x € [u]a, then d(x, [v] n) < H (luly, [v] n) < r- Therefore there 
exist Yn € [v], such that d(x, Yn) = d(x, [v] ) < r. Hence there is a sub- 
sequence {Yn,} of {yn} such that {yn;} converges to y € R™. Note that 
d(x,y) < r and y € A[o]n, = [v]a, so we have d(z, [v]a) < r. 

From the arbitrariness of x, H*([u]a, [v]a) < r. Similarly, we can deduce 
that H*([v]a, lu]a) < r. Thus A([ula, [v]a) < r, which is a contradiction. 


Step (ii) For each r € R, if {H (u,v) > r} \ {0} 40, then {H (u,v) > 
r} \ {0} is a union of disjoint positive length intervals. 

Suppose that {H(u,v) >r}\ {0} Z 0. For x € {H(u,v) > r} \ {0}, let 
p= L{[a, b] : x € [a,b] C {H(u,v) > r} \ {O}}, ie. ZT" is the largest 
interval in {H(u,v) > r}\ {0} which contains x. Then by step (i), T 
is a positive length interval. Note that for x,y € {H(u,v) > r} \ {0}, if 
ION Y # 0, then T = “Y. Thus {H(u,v) > r}\ {0} is a union of 
disjoint positive length intervals. 


Step (iii) For each r € R, {H(u,v) >r} is a measurable set. 

Clearly, if positive length intervals are disjoint, then these positive length 
intervals are at most countable. Thus, from step (ii), {H(u,v) > r}\ {0} is 
a measurable set. So {H(u,v) >r} is a measurable set. 
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Remark Appendix A.2. Let u,v € Fijsc(X). For each r € R, if 0 € 
{H(u,v) >r}, then there exists ô > 0 such that [0,6] C {H(u,v) >r}. 

The above fact is equivalent to the following fact 

Let u,v € Pico (X). Then A([ulo, [v]o) < liminfy 501 H (lula, [v]a), here 
lim infg_,o+ H([ula, [v]a) = +00 is possible. 

Combined this fact with the proof of Proposition Appendix A.1, we have 
the following conclusion 

Let u,v € Fisc(R™) and let r € R. If {H(u,v) > r} Æ Ø, then 
{H(u,v) > r} is a union of disjoint positive length intervals (Obviously, 
{H(u,v) > r} could be an interval. It is easy to see that for fixed r > 0, 
the possible forms of the maximal intervals in {H(u,v) > r} are as follows: 
[(0, a), [0, a], (6, a) and (6,a], where a € (0,1] and £ € [0,1)). 


For f : [0,1] + [0, +oo)U{+oo} and a € (0, 1], liminf,_,,_ f(y) is defined 
by lim inf,_,.— f(y) := inf{x € [0,+00)U{+0o} : there is a sequence {7,,} such that yn > 
a— ands = limsiof(m)}. For f : [0,1] > [0,+00) U {+00} and 
co a € (0, 1], liminf,_..- f(y) exists and lim inf,_,.— f(y) = +00 is possible. 
= We can check that liminf,,,- f(y) = min{x € [0,+00) U {+00} : 
T= there is a sequence {yn} such that y, —> a — andg = limy>1.0 f(Yn)}- 
k Clearly if lim... f(y) exists, then limsa- f(y) = liminf,... f(y). In 
this version, we corrected some misprints in this paragraph and the previous 
paragraph in the last version. 


Remark Appendix A.3. Let u,v € Ffsc(X) and let a > 0. Then the 
following properties (i) and (ii) are equivalent. 
(i) For each r € R, if a € {H(u,v) > r}, then there exists 6(a@) > 0 such 
that [a — ô(a),a] C {H (u,v) >r}. 
(ii) H (fula, [v]a) < liminf,.— H([u]y, [v],) (lim int,.— H (luly, [v],) = +00 
is possible). 

So for u,v € Fsc(X), the property “H (Jula, [v]a) < lim inf,.- H ([u,, [v]y) 
for all œ € (0, 1]” is equivalent to the property listed below, which is given 
as the conclusion of step (i) of the proof of Proposition Appendix A.1: 


e For each r € R, ifa > 0 anda € {H(u,v) > r}, then there exists 
d(a) > 0 such that [a — 6(a),a] C {H(u,v) >r}. 


The equivalence of properties (i) and (ii) given at the beginning of this 
remark follows from basic analysis. Assume that (i) is true. Given r € R 
with H([u]a, [v]a) > r. Then there exists d(a@) > 0 such that [a — d(a), a] C 
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{H(u,v) > r}, thus liminf,_,.,- H([u],, [u]y) > r. From the arbitrariness of 
r € (—o0, A([ula, [vla)), we have A([ule, [v]a) < liminf,_,. H([ul,, [v]7). So 
(ii) is true. 

Assume that (ii) is true. Let a > 0 andr € R. If a € {H(u,v) > 
r}, then liminf,,— H([ul,, [v].,) > r. We claim that there exists d(a) > 
0 such that [a — 6(a),a] C {H(u,v) > r}. Otherwise there exists {an} 
in [0,1] such that a, —> a— and A([ula,; (vlan) < r, which contradicts 
lim infa- H(t]; ely) > r. 


Remark Appendix A.4. We can see that step (i) in the proof of Proposi- 
tion Appendix A.1 shows the following statement 


(a) For u,v € Fisc(R™), u,v satisfy the property which is given as the 
conclusion of step (i) in the proof of Proposition Appendix A.1. 


We can see that steps (ii) and (iii) in the proof of Proposition Appendix A.1 
show the following statement 


(b) For u,v € Fłsc(X), if u,v satisfy the property which is given as the 
conclusion of step (i) in the proof of Proposition Appendix A.1, then 
H ([u]a, [v]a) is a measurable function of a on [0,1]. 


So from the proof of Proposition Appendix A.1 and Remark Appendix 
A.3, we know that 


(c) For u,v € Figo (X), if A (ula, [vla) < liminf,.- H((u],, [v],) for all 
a € (0, 1], then H([u]a, [v]a) is a measurable function of a on [0, 1]. 


(a’) Let u,v € Fésc(R™). Then A([ula, [vja) < liminf,.— H([u],, [v].,) for 
all a € (0, 1]. 


The following Proposition Appendix A.5 is Lemma 4.4 in [8]. 


Proposition Appendix A.5. /8/ Let Un € K(X) forn =1,2,.... 

(i) YU 2 UD... DU, D..., then U = N} Un € K(X) and 
H(U,,U) > 0 as n => +00. 

ü) VCV... CWC... and V = US Va € K(X), then 
H(Va, V) > 0 as n > +00. 


Proof. This Proposition is Proposition 7.6. 


From Proposition Appendix A.5, we know that 
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Proposition Appendix A.6. For u,v € Fiscal X), A([ula; [v]a) is a mea- 
surable function of a on [0,1]. 


Proof. Note that H((uJa, [v]a) is finite at a € (0, 1] and for a, 8 € (0,1], 
|H (fula; lvla) — H (lula, [vla)| < H (lula, ula) + H (lola, lvls). 


Then by Proposition Appendix A.5 (i), for each a € (0, 1], 


i.e. H([uJa, [v]a) is left-continuous at a € (0, 1]. 

Thus from clause (c) in Remark Appendix A.4, we have H([uJa, [v]a) is a 
measurable function of a on (0, 1}. 

The desired result can also be shown in the following way. Since H ([u]a, [v]a) 
is left-continuous at a € (0, 1], then obviously u, v satisfy the property which 
is given as the conclusion of step (i), and thus by clause (b) in Remark 
Appendix A.4, H([u]a, [vja) is a measurable function of a on [0, 1]. 


Remark Appendix A.7. From Proposition Appendix A.5, we know that 
for u,v € Fésog(X), A([ula, [vJa) is left-continuous at a € (0,1), and that 
for u,v € Fisop(X), A((ula; lvla) is right-continuous at a = 0. 

The first conclusion mentioned above has been shown in the proof of 
Proposition Appendix A.6. The following proof of the last conclusion is 
similar as that of the first conclusion. Since for u,v € Figap(X) and a € 
(0,1, 


|H (fula; [v]a) — H (lulo, (lo) < H (fula, [u]o) + A (Lula: [v]lo). 


Thus by Proposition Appendix A.5 (ii), lima.o4 A([uJa, [vla) = A([ulo, (vo), 
i.e. H([ula, [v]a) is right-continuous at a = 0. 


Remark Appendix A.8. In [10] (Lemma 6.3) and [8] (Lemma 6.5), we 
pointed out that for u € Fiisog(X), the cut-function [u](a@) = [u]_ from 
[(0, 1] to (C(X), H) is left-continuous on (0, 1]. Then it follows immediately 
that for u,v € Fiscal X), A({ula; [vla) is left-continuous at a € (0, 1] (see 
Proposition Appendix A.6). From this fact, it’s natural to realize that for 
u,v € Fisco(X), H (lula, [v]a) is a measurable function of a on (0, 1]. 
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Fox 


We suspect the conclusion that a left-continuous function f : (0,1] > R 
is measurable is an already known conclusion, although we can’t find this 
conclusion in the references that we can obtain. So in some sense, Proposition 
Appendix A.6 can be seen as a corollary of Proposition Appendix A.5. 

Let (X, dx) be a metric space. We say that S C Fijgo(X) satisfies condi- 
tion (X, dx)-I if [ul], O B(x,r) is compact in (X, dx) for all u € S, a € (0, 1], 
x € X andr € Rt, where B(x,r) := {y € X : dx(z,y) <r}. 

Clearly, S = Fisc(R™) satisfies condition R™-I and S = Fisog(X) 
satisfies condition (X, dx)-I. 

If S C Fico (X) satisfies condition (X,dx)-I, then proceed similarly 
as the step (i) of the proof of Proposition Appendix A.1, we have that 
A ([ule; [v]a) < lim inf, H([uly, [v]y) for all u,v € S and a € (0,1]. Thus 
as mentioned in Remark Appendix A.4, for all u,v € S, H([ula,[v]a) is a 
measurable function of a on (0, 1}. 

There exists metric space (X,dx) and S C F$sc(X) which satisfies a 
condition weaker than condition (X, dx)-I. By using this weaker condition, 
we can proceed similarly as the step (i) of the proof of Proposition Appendix 
A.1 to show that H([ula, [v]a) < liminfy.9— H([ul,, [v],) for all u,v € S and 
a € (0,1): 
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